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motiv ationMotiv ation

Non-destructive Evaluation Techniques

o how does SHM work?

structures of interest � !

 � sensor position

netw ork cable � !

 � measuring system

ê how can measurement data be used?
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motiv ationMotiv ation (cont' d)

Cost-eff ective and Reliab le Damage Detection

o structural inf ormation obtained
from measurement data

� natural frequencies
� mode shapes

� damping
� deformations

� vibration intensity

o four levels of damage identi�cation
� detection :

is the structure damaged or not?
� localization :

where is the damage located?
� quanti�cation :

what is the extent of damage?
� prediction :

what is the residual serviceability of the structure?

o veri�cation
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backgr oundMathematical Backgr ound

General De®nition

o mathematical point of view
� mathematical statement that describes the transf er characteristics

of a system, subsystem, or equipment
� relationship between the input and the output of a system

Out = H (f ) � I n

o engineering point of view

ê a powerful tool for . . .
. . . solving inverse problems (system identi�cation and damage

detection)
. . . sim ulation, prediction, and contr ol of structural response

. . . modeling time-in variant linear systems

. . . modeling time-v arying and nonlinear systems

. . . solving LODE's
etc.
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backgr oundMathematical Backgr ound (cont' d)

Fourier Transf ormation

o periodic functions

f (t + nT ) = f (t);

n = 0; � 1; � 2; � 3; : : :

� 10:0

� 1:0

� 1:0

1:0

1:0
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� 2
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�
j

si
n

(t
)j

si
n

(t
)
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s

(t
)

� 3� � t � 3�

� 1:0

10:00:0

� representation by Fourier series

f (t) =
a0

2
+

1X

n =1

�
an cos(nt ) + bn sin(nt )

�

where

an =
1
�

�Z

� �

f (t ) cos(nt ) dt n = 0; 1; 2; : : :

bn =
1
�

�Z

� �

f (t ) sin(nt ) dt n = 1; 2; 3; : : :

)
Fourier

coef�cients
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backgr oundMathematical Backgr ound (cont' d)

Fourier Transf ormation (cont' d)

o non-periodic functions (T ! �1 )

� representation by Fourier integral (generalization of Fourier series)

f (t) =

1Z

0

�
a(! ) cos(! t) + b(! ) sin(! t )

�
d!

where

a(! ) =
1
�

1Z

�1

f (� ) cos(! � ) d�

b(! ) =
1
�

1Z

�1

f (� ) sin(! � ) d�

ê comple x representation

f (t) =
1

2�

1Z

�1

F (! )ej ! t d! ( ) F (! ) =

1Z

�1

f (t )e� j ! t dt

where
F (! ) ^= F

n
f (t)

o
and f (t) ^= F � 1

n
F (! )

o
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backgr oundMathematical Backgr ound (cont' d)

Laplace Transf ormation

o de�nition

ê generaliz ed Fourier transf orm

L
n

f (t)
o

= F (s) =

1Z

0

f (t)e� st dt

where s = � + j ! 2 C

o solving procedure for LODE's

� Laplace transf ormation L
n

f (t)
o

� algebraic solution thr ough image space

� inverse transf ormation L � 1
n

f (t)
o

o transf er function de�nition

H (s) = L
n

h(t)
o H ( j ! )= H ( s)

�
�

s = j !
� � � � � � � � � � � � ! H (j ! ) = F

n
h(t)

o

. – p.8



backgr oundMathematical Backgr ound (cont' d)

Laplace Transf ormation

o de�nition

ê generaliz ed Fourier transf orm

L
n

f (t)
o

= F (s) =

1Z

0

f (t)e� st dt

where s = � + j ! 2 C

o solving procedure for LODE's

� Laplace transf ormation L
n

f (t)
o

� algebraic solution thr ough image space

� inverse transf ormation L � 1
n

f (t)
o

o transf er function de�nition

H (s) = L
n

h(t)
o H ( j ! )= H ( s)

�
�

s = j !
� � � � � � � � � � � � ! H (j ! ) = F

n
h(t)

o

. – p.8



backgr oundMathematical Backgr ound (cont' d)

Laplace Transf ormation

o de�nition

ê generaliz ed Fourier transf orm

L
n

f (t)
o

= F (s) =

1Z

0

f (t)e� st dt

where s = � + j ! 2 C

o solving procedure for LODE's

� Laplace transf ormation L
n

f (t)
o

� algebraic solution thr ough image space

� inverse transf ormation L � 1
n

f (t)
o

o transf er function de�nition

H (s) = L
n

h(t)
o H ( j ! )= H ( s)

�
�

s = j !
� � � � � � � � � � � � ! H (j ! ) = F

n
h(t)

o

. – p.8



backgr oundMathematical Backgr ound (cont' d)

Laplace Transf ormation (cont' d)

o Laguerre functions

� frequenc y domain

L k (s) =
p

2p
(s � p)k � 1

(s + p)k

� time domain

L k (t) =
p

2pe� pt= 2
k +1X

n =1

k!(� pt)n � 1

�
(n � 1)!

� 2(k � n + 1)!

� expansion equations

f (t) =
1X

k =1

ak L k (t); F (s) =
1X

k =1

ak L k (s)

where

ak = < f (t); L k (t) > t = < F (s); L k (s) > s
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backgr oundMathematical Backgr ound (cont' d)

Laplace Transf ormation (cont' d)

� expansion equations (cont' d)

with

< f (t); g(t) > t =

1Z

0

f (t)g(t) dt; < F (s); G(s) > s=
1

2�

f 1Z

� f 1

F (s)G(� s) ds

� or thonormality conditions

< L k (t); L n (t) > t = < L k (s); L n (s) > s = � k ;n

� product proper ty

L k (s)L m (s) =
L k + m � 1(s) � L k + m (s)

p
2p
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backgr oundMathematical Backgr ound (cont' d)

SDOF Example

ê SDOF system transf er function

H (j �! ) =
1
k

"
1

(1 � � 2) + j (2� � )

#

where � � �! =! and � . . . damping ratio

�
H

(j
!

)�

�!

�
H

(j
!

)�
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damageinde xApplications (cont' d)

Damage-Index Appr oach

o damage indicator

~k
dam
j =

�
1 � xs

j

� ~k j ; 0 � xs
j � 1

where: ~k
dam
j and ~k j . . . stiffness matrices of j th �nite element with and

without damage resp., xs
j . . . damage indicator

o damage detection

ê speci�c objective function

min f =
k nX

k = k 1

 �! 1Z

�! 0

�
�
� �H j k (j ! ) � H j k (j ! )

�
�
� d!

! 2

where: j . . . excitation DOF, k . . . measured DOF response ,

H j k . . . j kth FRF in FEM, �H j k . . . j kth measured FRF,

kn . . . measured DOF's, �! 0 and �! 1 . . . measured frequenc y rang e
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damageinde xApplications (cont' d)

Damage-Index Appr oach (cont' d)

o damage detection (cont' d)

ê solution of opimization procedure , e.g. IRR GA: ~x s

o inf ormation measure

ê FRF matrix sensitivity

@H (j ! )
@xs

j
= � H (j ! )

@Z (j ! )
@xs

j
H (j ! )

where: H (j ! ) . . . FRF matrix, Z (j ! ) . . . inverse FRF matrix

ê diagnostic measure inf ormation

{k m =
n eX

j =1

 �! 1Z

�! 0

�
�
�
�
�

@H k m (j ! )
@xs

j

�
�
�
�
�

d!

! 2

Note: I =
P

{1m . . . total diagnostic inf ormation
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feupdateApplications (cont' d)

Updating Finite Elements Models

o mass and stiffness matrix

� set up FRF correlation functions

C SAC (j ! k ) =

�
� �H T (j ! k )H (j ! k )

�
�2

� �H T (j ! k ) �H (j ! k )
��

H T (j ! k )H (j ! k )
�

C SF (j ! k ) =
2

�
� �H T (j ! k )H (j ! k )

�
�

� �H T (j ! k ) �H (j ! k )
�

+
�
H T (j ! k )H (j ! k )

�

where: k = 1; 2; : : : ; N f . . . number of frequenc y points

� set up sensitivity matrix

S =

0

B
B
B
@

@C SAC (j ! k )
@p

@C SF (j ! k )
@p

1

C
C
C
A
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feupdateApplications (cont' d)

Updating Finite Elements Models (cont' d)

� set up sensitivity matrix (cont' d)

where:

@C SAC (j ! k )
@p

= f 0
�

�H ; H ;
@Re(H )

@p
;

@Im(H )
@p

�

@C SF (j ! k )
@p

= f 00
�

�H ; H ;
@Re(H )

@p
;

@Im(H )
@p

�

� set up error function

E = � " T C R � " + � pT C P � p

with:

� " =

0

@1 � C SAC (j ! k )

1 � C SF (j ! k )

1

A
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feupdateApplications (cont' d)

Updating Finite Elements Models (cont' d)

� solve for unkno wn design chang es

� p =
h
C P + ST C R S

i � 1
ST C R � "

o hysteric damping matrix

D =
NX

i =1

�
� i K ie + � i M ie

�

� analogic:

p =

0

@� i

� i

1

A ; S =

"
@H (j ! k )

@p

#

� solve linear system

E p = V
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feupdateApplications (cont' d)

Updating Finite Elements Models (cont' d)

� solve linear system (cont' d)

where:

E =
qX

i =1

wii Sij Sik ; V =
qX

i =1

wii Sij
� �H (j ! i ) � H (j ! i )

�

i = 1; : : : ; q; j = 1; : : : ; p; k = 1; : : : ; p

advantages:

ê calculation of FRF is simple

ê FRF's contain all data: frequencies, mode shapes and modal

damping loss factor s

ê possib le to adjust as many parameter s as necessar y
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Updating Finite Elements Models (cont' d)
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feupdateApplications (cont' d)

Updating Finite Elements Models (cont' d)

o �o w char t

FEM Update Algorithms
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componentApplications (cont' d)

Component Transf er Functions Technique

o theoretical basics

� Laplace TF's

•X 1a (s)
•X g(s)

=
m2k1s2 + k1k2

m1m2s4 + (m1k2 + m2k1 + m2k2)s2 + k1k2
•X 2a (s)
•X g(s)

=
k1k2

m1m2s4 + (m1k2 + m2k1 + m2k2)s2 + k1k2

� obtain CTF
•X 2a (s)
•X 1a (s)

=
k2

m2s2 + k2

o algorithm

� determine experimental CTF's

�H v u (j ! ) =
Suv (! )
Suu (! )

and �H v u (j ! ) =
Sv v (! )
Sv u (! )

where

u(t) . . . stationar y input signal, v(t) . . . corresponding output signal
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componentApplications (cont' d)

Component Transf er Functions Technique (cont' d)

o algorithm (cont' d)

� natural frequencies identi�cation

ê several techniques availab le, i.e ERA-method

� stiffness coef�cients identi�cation

ê use nonlinear constrained optimization

e =
nX

i =1

�
�
�
�
�

� i � ! i

! i

�
�
�
�
�

advantages:

ê algorithm automatization

ê initial determination of CTF's

ê CTF's may be determined between adjacent sensor s
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componentApplications (cont' d)

Component Transf er Functions Technique (cont' d)

o �o w char t

•xg (t)

���

�

�
� �

�
�

	


�
�


•xg (t )•xg (t)

i = 1

•xg (t)

i

•xg (t)

i = 1

i

i

i = 1

•xg (t)

i

i

i = 1

i

•xg (t)

i = 1

i

i

•xg (t)

i

i
=

i
+

1
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poleresidueApplications (cont' d)

System Identi®cation Using Pole/Residue Parametrization
(IDRC Algorithm)

o �o w char t

creation

of

initial model

ê initial estimate of poles by traditional single

pole methods, e.g. cir cle �tting,
narr ow band single mode MIMO model, etc.

#

identi�cation

of “optimal”

pole/residue model

ê consider poles as unkno wns and residues as
their implicit functions, thus rewrite model:

� (� j ; R ; s) = �( � j ; s)R ;
non-linear optimization of parameter s

JQuad =
P �

�
� �H j k (j ! ) � H j k (j ! )

�
�
�
2#

determination

of

appr oximated model

ê consider other desired proper ties of model,

i.e. multiplicity , recipr ocity ,
properness, positiveness, etc.
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LaguerreApplications (cont' d)

System Identi®cation Using Laguerre Functions

o algorithm

� �nd coef�cients for Laguerre series expansions of the �ltered
input/output data (time- or frequenc y-domain), i.e. U(s) and Y (s)

� assume follo wing form of the unkno wn transf er matrix A(s)B (s) � 1

� set up the products B (s)Y (s) and A(s)U(s) and then expand in terms

of products of Laguerre functions

� replace the obtained products by diff erences of Laguerre functions

� equate coef�cients of Laguerre -like functions

� solve obtained equations with respect to A(s) and B (s)

o possib le applications

� adaptive contr ol

� decon volution problems

� fault detection
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conc lusionsConc lusions and Outlook on Future Work

Conc lusions

ê inf ormation measure based on sensitivities of FRF's with respect to

damage detection can be used

ê using CTF's damage identi�cation and quanti�cation is onl y needed if
damage is indicated

ê using Laguerre series expansion all unkno wn parameter s are linear ,

i.e. no nonlinear solution techniques are needed

ê FRF's correlation technique for FEM updating sho ws stab le convergence
as well as in presence of noisy measure data

ê transf er functions � indispensab le par t of decision suppor t systems

Outlook on Future Work

o de�ning bounds of applicability of presented techniques

o examination for more comple x systems and for more re�ned models

o implementation for ambient vibrations
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